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THE LATERAL STABILITY OF EQUAL-FLANGED ALUMINUM-ALLOY
I-BEAMS SUBJEGCTED TO PURE BENDING

By C. Dumont and H. N. Hill -
SUMMARY .. .=

Equal~-flanged beams of a special extruded I-section o
~of 27ST aluminum alloy were tested in pure bending. Com-— o

plete end fixity was not attained. ILoading was continued
until a definite maximum value had been reached. Tensile
tests were made on specimens cut from the flanges and the
web of each beam. OCompressive stress-strain characteris-
tlies were determined by pack compression tests on speci=-

mens cut from the flanges. S ==

Values computed from an equation previously suggesdted
by one of the authors for the criticsl stress at which
such beams become unstable were found to be in good agree=
ment with values computed from sxperimentally determined
sritical bending momenitsg.

INTRODUCTION ' o

Under certain conditions of loading and restraint,
sidewlse buckling of beams occurs in nmuch the sane way
that column failures occur in menmbers subjected to direect
compression. The probler of lateral instability of I~
beans having flanges of equal width has been solved by
Dr. Timoshenko, who has derived {(references 1 and 2) ex=
pressions for the eritical bending moment for various con-
ditions of loeding and restraint. Tinoshenko's general
solution of lateral buckling of I-beans has been extended
to cover buckling at stresses beyond the elastice range and
the solution has been simplified and presented in such a
form as can be easily applied by the designing engineers,
(See reference 3.} Many tests have been made in which I- "~ 7
beams failed by lateral buckling. In most of these tests,
however, exact conditions of restraint were not known and,

consequently, no satisfactory correlation could be obtained
between the test results and theoretical solutions.
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In a previous report (reference_é).the resulte of
tests to study the lateral instadbility of unequal-flanged
I-beams, such as used in deck-~house construction, were
presented. The results of these tests were in fair agree-
ment with the theoretical results for fixed-end beams, bdut
there was some evidence that under the test conditions the
ends of the beams were Something less than completely
fixed. Furthermore, because of the unequal-flange widths
it was impossible to make & satisfactory study of the lat-
eral buckling in the plastic range and because of this, 1%
was decided to make similar itests using a somewhat lighter
equal~flanged I~section. It wag believed that a greater
dogree of end fixity could be achieved with these lighter-
sections and, furthermore, that in those cases in which
buckling occurred above the proportional limit of the ma-
terial, it would be possible to evaluate the effective
reduced modulue.,. : :

The purpose of this irnvestigation was to study the
lateral stability of equal=flanged I-beams subjected to
pure bending with the ends of the beams restrained against
bending in a lateral direction. Ths tests were such as to
produce lateral duckling in both the elastliec and the plas-
tlc range of the material and are intended to serve as an
experimental check of the correctness and the adequacy of
the theoretical solutions of the problem.

MATERIAL

A cross section of the special extruded 278F I-secition
smployed for this investigation is shown in figure 1. Both
nominal and average measured dimensions are given. Section
elements bagsed on the average measured dimensions are also
givon in thig figure. Aluminum alloy 27ST was chosen for
this investigation primarily because experience has indl-
cated that there is no appreciable difference between its-
tensile and compressive yield strength, and secondly be-
cause of its relatively wide elastic range. Tenslle tests
ware made .on specimens cut from the flanges and the web of
each beam and the compressive stress-strain characteris-
tics of the material were detormined by pack compression
testa (reference 5) on specimensg cut from the flanges of
the beams. The results of these tests are shown in tabdle
I. In general, the properties arc typical for 2787 And
there is no zreat difference botween the tensile and.the
compregsive yleld strengths of the flange material, the
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average value for compression being less than 4 percent
greater than that for tension.

DESCRIPTION OF TESTS

The I-gections were tested in pairs as beams in a
40,000-pound ¢apacity Amsler testing machine as illustrat-
ed in figure 2. [ For all tests the horizontal distance be-
tween the supports and the point of application of load to
the specimens was 12 inches and, consequently, for any
load the bending moment in each beam (in in.-1b) was equal
to three times the load. The ends of each pair of beans
were laterally restrained by means of the end restraining
frames shown in figure 3. 3Both top and bottom flanges of
the beams were bolted to the plates. In order to obtaln
the maximum possible restraining action, the flanges of’
each beam were filed %o a light tap fit in grooves in the
steel plates. The laterally unsupported length of the
beans ranged from 18 inches to 88 inches. Vertical deflec-
tions were measured by means of a mirrored scale attached
to the web of each beam at the middle of the span, and a
taut wire attached to pins on the neutral axis at the ends
of the laterally unsupported length. Lateral deflections
were meagsured in a gimilar manner except that the mirrored
scales were attached to the top and the bottom flanges of
the beams. .

The stresses developed in the flanges of the beams -
were measured with Huggenberger tensiometers mounted as
shown in figure 2. These instruments were removed befors
the veams were loaded to fallure. In all cases loading
was continued until a definite maximum value had been
reached, as indicated by a falling off of the load despite
continued movement of the head of the testing machine, -

RESULTS AND DISCUSSIORN . - .

Table II shows the maximum loads and critical stress—
es at failure. All the specimens tested failed by lateral
buckling as illustrated by figure 4. Typical logsd~deflec-
tion curves for long- and short-span beams are shown in
figures 5 and 6. In the case of the long-~span beams, defi-
nite lateral deflection of the compression flanges occurred
at relatively low loads and increased gradually until fail-
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ure occurred. For the short-span specimens the lateral

deflection of the compression flanges was relatively small

even at loads only slightly lower than the maximum. Even ‘
for the shortest span length there was no marked deviation

of the verticsl deflection from a linear relationship with

1°a.d.. - - ‘ :

Figure 7 shows & comparison between the measured and
the computed stresses for the specimen having a laterally
‘ungupported length of 33 inches. Because the stresses
were measured on the edges of the flanges, the computed
gstresses are for locations 1/16 ingh from the outer fibers. _ -
FPor this particular test the measured stresses were wlthin
3 percent of the computed stresses. Thig agreement betweon
tho computed and the measured siresses indicates that the
actual moments applied to the specimens were in very gocod
agreement with the moments calculated from the applied
loads.,.

Within the elastic range of the material the critical
stress for a symmetrical aluminum-alloy I-beam subjected
to pure bending in the plane of the web may be expressed =
as (see refsrence 3) ;

Ser = lﬁz?—x—rcj-glg-gg_ I, [J(k1)® + 6.58 I;h?] (1) .

where

Secr critical stress, 1b per sqg in.

<]

factor denoting end restraint (K = 1 when
ends are 'not restralned against lateral
bending, and X = 1/2 when lateral re-
straint at ends is completel.

L lateraily vasupported length of beam, in, -

section modulug of beam about principal axis
normal to webdb, in.3.

[

IL moment of inertia of beam about principal axis
in web, in.%.

J 'torsion factor, in.%. e - "

h depth of beam, in.
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If the critical moment (Mop) produces stresses be-

yond the elastic limit of the material, the lgteral stiff-
ness of the beam is no longer equal to the product of the
elastic modulus (E) and the moment of inertias (II) but

may be represented by the same expressioan provided that
E is replaced by ERp, a reduced modulus value depending

upon the magnituds of the stress. It has been shown that,
for rectangular bars subjected to uniform compressive
stresses a2bove the elastic limit, the value of XEp can be

expressed as (reference 2, p. 156)
4F ET

Ep = =
(V/E + VfEE)

-(2)

where : . —_—

E elastic modulus of material, 1lb per sq in.
and

Bp ‘tangent modulus (slope of stress-strain curve)
corresponding to the average compressive
stress, 1b ver sq in.

If it is assumed that the flanges of an I-section
loaded ag a beam act as rectangular bars under uniform
stress equal to the extreme~fiber stregs, the foregoling
expression for ER should be applicable, without serious
error, in the determination of the lateral flexural stiff-
ness of an I-beam stressed above the elastic limit of the
material, If it is further assumed that the ratio between
the shear modulus and the bending modulus remains unchanged,
an approximation of the critical stress for an I~beam sub-
Jected to pure bending may be obtained by multiplying the
right-biand side of equation (1) by the ratio ER/E where
ER corresponds to the value of -the critical stress ob-
tained and E is the elastic modulus of the material.

The right-hand side of equation (1) may arbitrarily be
called the stability factor (B). The critical stress for
buckling beyond the elastic range may then be expressed

. - -

FPigure 8 shows a compressive stress-strain curve for
the 27ST material testsd and the reduced modulus curve de-—
rived from the sitress—strain curve. The' stress~strain
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curve shown is the average curve obtained from pack com=-

prossion tests of spocimens cut from the flanges of soev~- .
eral beams, Figure 8 also shows the ratio of the reduced il
modulus (Bg) +to the elastic modulus (E), plotted

agalnest the stress. -

Fizure 9 shows & tensile stress-straim curve and the
corresponding reduced modulus and ratio of reduced modu-
lus to elastic modulus curves for the 27ST material. As
for the compression tests, the tensile stress-=strain curve
shown in figure 9 is an average curve, & comparlison of
figure 8 with flgure 9 reveals that, except for stresses
above 52,000 pounds per square inch, there was no signlifi-
cant difference botween the tensile and the compressive
stress—strain characterigstics of the material. For the
sake of sgimplicity, however, all computations in which the
value of By is involved have been based on the values
obtained from the compresslve data (fig. 8).

In cases of buckling at stresses beyond the .elastic
range, the approximate critical stress may Dbe determined
by means of the equivalent slenderness ratio method. (Sece : -
reference 6.) In this method the stability factor (B) '
of an I~beam is expressed in terms of an equivalent slen- N
derness ratio and the critical stresses are then taken v
from a colunn curve constructed from the compressive stress-
strain curve for the material. The critical stress for an
aluminum~alloy column, where the stress does not exceed
the elastic 1imit, may be expressed as

S .. = 101660000 .2 _ (4)
o (x1)®

whers r 1is the equivalent radius of gyration. Equating
squations (1) and (4) and solving for the squivalent radlus
of gyration gives

r =/94%9-5- /1_7' [J(XL)® + 6.58 I u°] | (5)

This equivalent radius of gyration, used with the equlva-
%en} %ength (KL), &ives the equivalent slenderness ratlo
KL/r). :

Figure 10 shows the column curve constructed from the
compressive stress~strain curve gilven in figure 8. In
figure 10 the intercept was odtained from the expression
(reference 7)
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I
=3l

T e s .

yhere _- - ~ —
| e intercept.-li . .. T - . R _
and | : L o

Y.S. yield strength of material (offset
0.2 percent)

The straight-line portion of the curve was drawn from this
intercept tangent o the Buler curve.,

In figure 11 calculated values of critical stress cor-
regponding to various unsupported lengths of the section
tested have been plotted. These values were obtained by
solving equation (1) after the substitution of appropriate
values of unsupported beam length and a value of K f_l/E.
The curve represents elastic action. For stresses greater
than 42,000 .pounds per square inch the curve has no signlf-
icance as figure.8 shows plastic action occurs when the
stresses exceed this valus. In figure 11 the experimental-
ly determined wvalues of critical buckling stress have also
been plotted against their corresponding unsupported .
lengths, Throushout -this report it should be borane in .
mind that the expression, critical stress (S,p), signi-
fies the critical bending moment divided by the section
modulus of the section. Within the elastic limit of the
material the critical stress is obviously equal to the ac=
tual extreme~fiber stress but, for stresses beyond the
elastic 1limit of the material, the critical stress ob-
tained by dividing the critical moment by the section mod-
ulus would be slightly higher than the actual extreme-fi-
ber stress. From an inspection of figure 11, it may bde
seen that all the experimentally determined values of crit-
ical stress fall below the theoretical curve. ZEvidently,
the theorsetical curve could be dbrought into good agreement
with the experimentally determined values of critical
stress by the use of K wvalues slightly greater than 1/2
in equations (1) and (3). In other words, in figure 11
the deviation of the experimentally determined values of
critical stress from the theoretical values indicates that
the ends of the beams were not completely restrained
agalnst lateral bending.

In order to determine the degree of end fixity of the
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beams tested, the experimentally determined wvalues of
critical strese (which did not exceed the elastlic limit of
the material) and the corresponding values of unsupported
length were substituted in equation (1) and the equation
was solved for XK. The curve of K values shown in fige
ure 12 has been extrapolated so as to indicate the prob-
able value of X for those specimens whose critical stress
was beyond the elastic limit of the material., Based on
the values of end-fixity factor K shown in figure 12,
the degree of end fixity was about 4 percent lsesss than
complete for the longest laterally unsupported length and
about 19 percent less than complete for the shortest lat-
erally wunsupported length.

Figure 13 shows the reolation between the experimen-—
tally determined wvalues of critical stress, for those
tests 1n which dbuckling occurred in the plastic range, and
corregsponding calculated values. According to filgure 12,
the degree of .end fixity varied with the unsupported length
of the beams In figure 13, critical stress has been plot-
ted against stability factor (B) since thie factor conw
tains both variables X and L. Two curves are shown rep-
regenting calculated values of critical stress; one is
obtalned by multiplying the stadblility factor by the modu-
lus ratio (Eg/E), the other is determined by the equiva-
lent slenderness ratio method, using the column curve
shown in figure 10. When the points representing the test
results were plotted, the stability factor (B) corre=-
sponding to a given test was determined on the basis of
the unsupported length of the beams (L), and the corres-
sponding X wvalue was taken from figure 12, Obviously
the agreement betweon the exporimental results and the
calculated curves is meaningless for critlical stresses
within the elasgtic range, since the XK values used in
evaluating the stability factor were determined from the
test results. For the short beams, however, which buck-
led at stresses in the plastic range, the X wvalues were
determined inderendently of the corresponding test results.
Figure 13 indicates that the stresses computed from ex-
perimentally determined values of critical bending moment
agreed very closely with those calculated according to
equation (3). The experimentally determined values are
higher than those indicated by the use of the squivalent
gslenderness ratio method. For critical stresses in the
vicinity of the yield strength, this difference is about
20 percent.
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Figures 14, 15, and 16 are typical plots of the rela-
tion between the loads and the lateral deflections plotted
according to the Southwell method. (See reference 8.)
The method consists in plotting the applied load against
the ratio of load to corresvonding lateral deflection. If
loads are used which sre within the elastic range, the plot
thus obtained should be a straight line intercepting the
load axzis at a valus equal to the ceritical load. This meth-
0d of plotting such data was suggested by Southwsell in 1932
(reforence 8) for the case of round end columns. It has
been pointed out by Donnell (reference 9, pp. 27-38) that
this method is also applicable to other types of stability
Problems. The results of the Southwell plots of the data
obtained in this investigation demonstrate the applicablili-—
ity of the method to the case of the lateral dbuckling of
beams. In table III it can be seen that the values for
critical load determined from the Southwell plots agree
very well with the experimentally determined values. In
figures 14 and 15 the plotted points correspond to loads -
within the elastic range and, -consequently, the intercept
on the vertical axis indicates the value of the critical
load, assuming elastic duckling. In the case of the 28=-
inch unsupported length (fig. 15), however, the load at
which buckling occurred produced stresses slightly above
the elastic range, which accounts for the difference be-
tween the critical load values shown for this span length
in table III. It may be noted in table III that the crit-
ical load values determined from the Southwell plot for
the shortest span lengths (18 in. and 23 in.), agree very
well with the test results. The plotted points from which
the critical load values were obtained Ffor these two cases
were for loads beyond the elastic range. In sueh a South-
well plot the critical load corresponds to the highest
polnt on the curve. (See refersnce 9, ps 36.) There is
no theoretical reason why in such a plot the points for
loads beyond the selastic range should fall on a straight
line. 1In figure 16, however, a stralght line appears to
be a go00d approximation for the curve ia this region. The
scatter among the points corrssponding .to low loads in
figures 14, 15, gnd 16 results largely from the inaccura-—
cles in the measurements of the small lateral deflections

cccurring at these low loads. - —

Referring to table III, it will be noted that thers
was considerable difference in the value of the critical
load determined from a Southwell plot for an unsupported
span longth of 38 inches, depsnding on whether the average
lateral deflections or the lateral deflections for the



10 NACA Technical.Noke:No. 770

south beam were used. For some Feason, such as initial
crookedness or unequal distributiom of load, the south
beam buckled first. In .such & case’ the other beam would ’
fail immediately. = . . . _ . F

ébﬁpﬁuszons

From this study of - tne lateral stability of equal-
flanged I-beams subjected to pure bending, the following
conclusions have beon .drawn: :

le Despite the precautions taken, complete lateral
restraint of the ends of the heams was not achieved. For
the longest specimen tested, the degree of end fixity was
about 4 percent less than completeo, whereas for the shori-
est specimen tegted, the dsgree of end f1x1ty was about .
19 percent laess than complete.

2s The critical stress at which eqhal ~flanged alumi-
nun I-beams subjected to purs bending become unstable may _
be determined from the equation - R -~

Ep 19800000 CR— e
Ser = “(xLFZz J/IL [J(XL)® + 6.58 Iyh ]

"3

In both the elastic and the plastic ranges of the material
the values of critical siress calculated by means of the
foregoing equation were in good agreement with the values
computed from experimentally determined critical bending
momentg,

%2 Approximate values of critical stress, ag deter-
nined by the aequivalent slenderness ratio method, were
about 20 percent lower then the values obtained experi-
mentally, when duckling occurred at stresses near the
yield strength of. the matorial.

4, Values of ecritical load determined by Seouthwell
pPlots- of the load-~deflection data were in good agreement
with-the experimentally dotermined velues of critical
losd. Thig agreemoent demonstrates the appllcability of
the method to the case of lateral dbuckling of beanms,

Aluninum Company of America, ST e
Aluninum Regearch Laboratories, - . : ’
New Kensington, Pa., March 26, 1940,
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TABLﬁ f“m
MECHANICAL PROPERTIES OF 27ST -EXTRUDED I-BEAM- SECTION NO. X11867.
(P.T. No. 040838-C) _
Beam |Tensile strength Tensile' yield éﬁréngth 'Coin_px"essive yield gstrength
merked : (0Offset.= 0.2 percent)| (0ffset = 0.2 percent)

: (1v/8q in.) (1b/sq in.) "7 (1b/sq imn.)
Flange Web Flange | - Web Flange |
A 62,690 | 60,790 54,400 | 52,700 56,500
B 62,420 | 61,170 53,600 | 51,900 , " 55,400
c 63,330 eg{01b 54,800 | 53,400 56, 800
b | @60 | 61,380 54,500 | 52,800 55,000
E 62,850 | 61,080 54,500 | 52,500 56,900
F 60,320 | 58,360 51,400 { 48,100, 52,700
¢ 63,280 | 61,980 54,500 .53,166 56, 600
B | 63,600 | 62,720] '54.éoo 54,300 57,100
1 63,220 | 62,500 54,800 | 53,800 - 56,500
J | 64,090 | 62,140 54,400 | 53,200 87,000
X 62,870 | 61,430 54,200 | 52,800 56,400
L 61,640 | 61,390 53,100 | 53,800 56,900
¥ 62,550 | 60,810 54,200 {. 52,300 56,000
Average| 62,735 '61.350. 56,150

54,100 | 52,700 ..
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TABLE II

SUMMARY OF TEST RESULTS

Span Laterally Maximum| Maximum Critical
Test length | unsupported| applied| applied stressb
No. length, T ‘load moment®
(in.) (in.) (1b) (in.=-1b) | (1b/sq in.)
1 114 88 1,800 5,400 7,800
2 104 78 2,185 6,555 9,420
3 94 68 2,733 8,199 11,780
4 84 58 " 3,455 10,365 14,890
5 74 - 48 4,585 13,755 19,760
6 64 38 7,000 21,000 30,170
7 59 33 8,590 25,770 37,020
8 54 28 10,280 30,840 44,300
9 49 23 11,900 35,700 51,330
10 44 18 12,840 38,520 |- 55,300

8The applied moment is three times the applied load.

bPrhe critlcal stress, Sg;n., is the critical moment, Mcr,
divided by the section modulus, 2. '
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TABLE III
COMPARISON OF ACTUAL CRITICAL LOAD AND VALUES OF
CRITICAL LOAD DETERMINED FROM SOUTHWELL PLOT

OF LOAD-DEFLECTION DATA

Laterally Critical load _ Actual
ungupported from critical
length Southwell plot load
(in.) (1v) (11)
88 1,800 1,810
78 2,180 2,185
68 2,800 2,733
58 3,580 3,455
48 4,750 4,685
38 7,750 (7,200)% | 7,000
33 8,800 8,590
28 ~ 11,800° - 10,280
23 . 11,600° .. 11,900
18 - 12,600° - 12,840

Bohe value of 7200 pounds was determined from load~
deflection data for only south beam. All other values
are based on the average dats for north and south beams.

bPValue based on lateral deflections within the elastle
range,

©Value based on lateral deflections beyond the elastic
range,
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X X
<
tr
T c—— —
Y
Dimensions, in.
Nominal Average measured

b -1-3/8 1,385
h 4 3.998
t 5/64 .0808
te 3/32 .0969

Section elements based on average dimensions

Moment of inertia of flanges, I, about axis Y-Y =,04295 in.4
momoow ", I, about axis X-X = 1.3916 én.4

Section modulus, Z, about axis X-X = .,68962 in.

Torsion factor, J = .0015382 in.4%

Flgure 1.~ Nominal and actual dimensions and section elements of
extruded I-section.

Fig. 1
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Figure 5.- Verticel and lateral deflection curves for beam test of I-beam K-11867.
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Figs. 11,13
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